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An examination of the properties of many-eletron ondution through spin-degenerate systems
an lead to situations where inreasing the bias voltage applied to the system is predited to derease
the urrent owing through it, for the eletrons of a partiular spin. While this does not neessarily
onstitute negative dierential ondutane (NDC) per se, it is an example of negative dierential
ondutane per spin (NDSC) whih to our knowledge is disussed here for the rst time. Within a
many-body master equation approah whih aounts for harging eets in the Coulomb Blokade
regime, we show how this might our.
I. INTRODUCTION
Nonequilibrium properties like eletroni ondution
in moleular systems must be treated within a many-
body nonequilibrium theory, and the extensive body of
eets suh treatments produe has attrated many re-
searh eorts on both the theoretial and experimen-
tal sides.
1,2,3,4,5,6,7,8,9
In partiular, models of transport
through moleules and quantum dots have been shown
to desribe many nontrivial phenomena, of whih the
Coulomb Blokade eet is a well known example.
10
Suh
models have been shown to desribe ases where an in-
rease in the soure-drain bias on a small devie oupled
to marosopi leads atually results in a derease of the
urrent through it.
11,12,13,14,15,16
This nonlinear behav-
ior is known as negative dierential resistane or ondu-
tane (NDR or NDC), and its explanation must lie in the
shifted states of the system and the swithing of eletron
populations between them, but the exat mehanismmay
dier between the various ases.
Several suh mehanisms, many of whih are atu-
ally single-eletron eets, are worth noting: the reso-
nant double-barrier tunneling juntion familiar in doped
semiondutor work,
17
where an inreasing bias pushes
a resonant ondution state into the ondution window
and then out of the ondution band of one of the ele-
trodes, resulting in NDR;
15
the ase in whih the ele-
trodes themselves have narrow resonant features in their
density of states, like an atomi-sale STM tip or an atom
weakly oupled to a larger eletrode, where the bias shifts
the onduting levels of the eletrodes into and out of
alignment with eah other;
12,13,18
the Coulomb-Blokade
ase where the bias harges the system in a way that
kiks a level out of the ondution window;
14,19,20
the
more general ase where the biasing atually onforms
the moleule or auses a hange in the interation with
phonons,
21,22,23,24
resulting one again in fewer available
ondution levels.
When the situation is ompliated by the lifting of spin
degeneray, the interplay between the oupation of spin
levels and their oupling to the leads an result in spin-
dependent eets as well. This has often been explored in
ases where the leads are ferromagneti,
25,26
for example
in the spin-blokade or spin eld eet transistor.
27
More
reently, spintronis without polarized leads have been
suggested,
28,29,30,31,32,33,34,35,36,37,38,39,40
where the leads
would generally ontain eletrons of both spins, whih
would satter through the system with dierent trans-
mission properties. In a pratial appliation the devie
might perform various transformations on spins rather
then just at as a urrent swith. Thus it makes sense to
develop the onept of ondution or resistane per spin,
with the understanding that the same range of nonlin-
ear phenomenon that is of interest for the total urrent
an our here for spin-dependent urrent. Speially,
the study of NDC is naturally omplemented by NDC per
spin, whih is exhibited whenever inreasing the bias volt-
age on a onduting devie auses the urrent through it
for one spin to derease, while the total urrent does not
neessarily derease.
In this paper we take an illustrative look at a novel
mehanism for the phenomenon of negative dierential
spin ondution (NDSC). We show that in ases where
the harging of a quantum dot is a dominant energy
sale of the problem and the spin degeneray is lifted,
NDSC an our. The basi mehanism involves popula-
tion swithing between the two spin levels. In Setion II
we desribe a simple devie in whih NDSC may appear
and be of interest, and explain the multi-eletron master
equation approah we employ for alulating the spin-
polarized urrent. In Setion III we display and analyze
the results. Finally, we disuss our onlusions in Setion
IV.
Some of the topis touhed upon in this work have
also been addressed by Raphy Levine over the past
deade.
41,42,43,44,45,46,47
It is a great honor to dediate
this work to him, on the oasion of his 70
th
birthday.
II. MODEL
Perhaps the simplest and most abstrat spintroni
devie one might imagine onsists of a system with
a single (energetially relevant) eletron level oupled
to two metalli leads. By making this level non-
degenerate in the spin degree of freedom in any de-
sired way, one an ahieve ltering behavior by tun-
2ing the ondution window so as to ontain only one
of the spin levels.
28,31,32,38,40
If the system is small,
one expets that the harging should beome an impor-
tant energy sale in the problem, and the population of
eletrons the devie ontains at any given time should
not vary greatly from the neutral number of eletrons.
At this regime a many-eletron master equation treat-
ment
8,24,48,49,50,51,52,53,54,55
an be expeted to provide
a good approximation of the dynamis, partiularly for
larger voltages.
We onsider a model for a spin-lter devie whih is de-
sribed by a two single spin levels. Suh a devie an be
an atom, a moleule, a quantum dot, or any system with
disrete levels that are well separated. The single ele-
tron levels on the devie are oupled to two leads with
hemial potentials µL and µR and oupling onstants
γL(R),ij (i = a, b), whih we will assume to be equal to
γL(R),ij = γδij . The model Hamiltonian of suh a de-
vie (not inluding the leads, sine the urrent and level
populations will be alulated within a standard multi-
eletron master equation approah)
8
is given by:
HD = (ε+ δ)a
†
a+ (ε− δ) b†b+∆
(
a
†
a+ b†b−N0
)2
,
(1)
where a and b are single partile annihilation operators
orresponding to the two spin levels (a ≡↑ and b ≡↓,
respetively) and N0 is the neutral number of eletrons.
We also introdue the spinless level energy ε, the spin
energy shift δ and the harging energy ∆. We note in
passing that the notation is only for onveniene and no
real assumptions are made as to the symmetry of the
shift. In fat, the results are relevant to any two sep-
arate hannels with dierent energies, for instane two
quantum dots of slightly dierent energies eah of whih
is oupled to dierent leads with a harging interation
between them.
We now desribe the approah taken to onstrut the
multi-eletron master equation, suitable for the above
model, from single eletron data. If one neglets spin-
dependent multi-eletron eets, then it is formally
straightforward to build from a set of one-eletron Hamil-
tonian and spin eigenfuntions an anti-symmetri basis
of multi-eletron wavefuntions. Limiting the disussion
to only two levels, one an dene:
Ψn1n2 = A12
∏
ni=1
ϕni . (2)
HereA12 is the two partile anti-symmetrization operator
and the states are identied by their (spin-dependent)
level oupations ni (0 or 1 for fermions). Using this anti-
symmetri multi-eletron wavefuntion we an uniquely
and onveniently determine the nonzero matrix elements
of a general many-body operator G required to onstrut
the master equation. Aording to the Slater-Condon
rules where only single eletron integrals are taken into
aount:
〈ϕi|G|ϕj〉 = gij (3a)
〈Ψn1n2 |G|Ψn1n2〉 =
2∑
j=1
gjjnj (3b)
〈Ψn1n2 |G|Ψn′1n′2〉 = g11δn2n′2δn1,1−n′1 + g22δn1n′1δn2,1−n′2 (3)
〈Ψn1n2 |G|Ψn′1n′2〉 = g12δn2−n′2−1δn1−n′1+1 + g21δn2−n′2+1δn1−n′1−1. (3d)
Multi-eletron eets will be onsidered only in the form
of harging energy. Sine these values will be used in a
rate-proess alulation rather than a full quantum for-
mulation, onstruting the multi-eletron states them-
selves is atually redundant, and Eqs. (3b)-(3d) along
with the single partile data will provide all the nees-
sary information.
The transfer rates between the multi-eletron states
are given by:
8
Rℓ,α→β =
Γℓ,αβ
~
Qℓαβ , (4)
where the four multi-eletroni states are labeled by the
Greek indies |α〉 ≡ |n
(α)
a n
(α)
b 〉 and |β〉 ≡ |n
(β)
a n
(β)
b 〉, suh
that (for instane) |00〉 is the empty state, |01〉 is the
state where only level b is oupied, and |10〉 is the state
where only level a is oupied. The lead index in the
above is ℓ ∈ {L,R}. For reasons that will beome lear
below, we also dene the total transfer rate summed over
both leads:
Rα→β =
∑
ℓ
Rℓ,α→β . (5)
Following the Slater-Condon rules (f., Eqs. (3) and
(3d)), the oupling between the multi-eletron states,
Γℓ,αβ, is related to the single eletron level oupling (or
the imaginary part of the self-energy)
56
and is given by
Γℓ,αβ = γℓ,ii(i = a, b) if the two multi-eletroni states
dier only by the oupation of level i, Γℓ,αβ = γℓ,ij
if they dier only by ni and nj and ni − nj = 1, and
3Γℓ,αβ = 0 otherwise. As noted above, γℓ,ij is the ma-
trix element of the single eletron level oupling. Qℓαβ in
Eq. (4) is related to the Fermi-Dira funtion, f(ǫ):
Qℓαβ =


f(ǫα − ǫβ − µℓ) Nα > Nβ,
1− f(ǫα − ǫβ − µℓ) Nα < Nβ,
1 Nα = Nβ,
(6)
where Nα =
∑
i n
(α)
i is the number of eletrons in state
α. The state energies are alulated from the Hamil-
tonian (1) and amount to ∆N20 , (ε+ δ) + ∆ (1−N0)
2
,
(ε− δ) + ∆ (1−N0)
2
and 2ε+∆(2−N0)
2
respetively
for the states |00〉, |10〉, |01〉 and |11〉.
One the rates are known, the linear master equation
system an be read from the detailed-balane ondition
for steady-state:
∑
β
Rα→βPα −
∑
β
Rβ→αPβ = 0, (7)
where Pα is the probability that the system is in a multi-
eletron state α. The urrent at steady state is given
in terms of the steady state oupation probabilities and
an be expressed as
8
:
Iℓ = −e
∑
αβ
Rℓ,α→βPαsαβ , (8)
where
sαβ =


+1 Nα < Nβ ,
−1 Nα > Nβ ,
0 Nα = Nβ .
(9)
Intuitively, this expression states that urrent ows out
of lead ℓ whenever an eletron ows from it into the
devie, with the inverse also true. Following a similar
line of physial reasoning leads to an expression for spin-
polarized urrent: up or down urrent ows out of lead
ℓ whenever an up or down eletron ows from it into
the devie. Assuming no oupling between levels with
dierent spin, the spin-dependent urrent is given by:
Iℓ,a(b) = −e
∑
αβ
Rℓ,α→βPαsa(b)αβ , (10)
and
sa(b)αβ =


+1(0) Sα < Sβ ∧Nα < Nβ,
0(+1) Sα > Sβ ∧Nα < Nβ,
0(−1) Sα < Sβ ∧Nα > Nβ,
−1(0) Sα > Sβ ∧Nα > Nβ.
(11)
Here, Sα =
∑
i s
(α)
i where s
(α)
i = ±1 for spin up (a) or
down (b), respetively.
The linear master equations an be solved analytially,
but the form of the solution is rather umbersome and
has no real benet. They an also, of ourse, be solved
numerially, whih is the method hosen for this work.
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Figure 1: The urrent (upper panel) and state populations
(lower panel) as a funtion of bias voltage, for the parameters
β = 20/γ, µ = 0, ǫ = γ, δ = γ/5 and ∆ = γ/2, where the
neutral number of ondution eletrons has been taken to be
N0 = 1 and the voltage is applied symmetrially. Note the
distint region of negative dierential ondution (dereasing
urrent) for eah spin urrent, whih always ours simulta-
neously with a derease in population for a state populated
with the mathing spin.
III. RESULTS AND ANALYSIS
As the above model is more or less idential to the one
ommonly used to explain the Coulomb blokade, it is
no surprise that plotting the I − V harateristis of the
system shown in the upper panel of Fig. 1 immediately
displays the well-known nonlinear urrent steps typial of
Coulomb blokade eet.
10
The model parameters used
here are β = 20/γ, µ = 0, ǫ = γ, δ = γ/5 and ∆ =
γ/2. The neutral number of ondution eletrons has
been taken to be N0 = 1. Condution peaks or rises
in the total urrent are expeted in this formalism when
there exists an energy dierene between two states with
eletroni oupations that dier by one (Nα−Nβ = ±1),
whih is also the energy of an eletron oupied in one
lead but not the other (when ∆E ≡ Eα−Eβ = µ±eV/2).
In other words, the total urrent an rise at any bias
voltage VB where the ondution window is expanding
so as to ontain some spetral line of the system. For the
4present model, this ours when
|eVB | = −µ±


ε± δ +∆
(
(1−N0)
2
−N20
)
,
ε± δ +∆
(
(2−N0)
2 − (1−N0)
2
)
.
(12)
This is learly the ase for the urrent shown in the upper
panel of Fig. 1, where the four steps observed in the total
urrent appear at 0.6γ, 1.4γ, 2.6γ, and 3.4γ orrespond-
ing to transitions between states |00〉 ↔ |01〉, |00〉 ↔ |10〉,
|01〉 ↔ |11〉, and |10〉 ↔ |11〉 , respetively and aording
to Eq. (12).
Turning now to disuss the urrent per spin also shown
in the upper panel of Fig. 1, we still observe the Coulomb
blokade steps, however, the diretion of the step an be
either positive or negative. This is an example of a neg-
ative dierential spin ondution where an inrease of
the bias voltage is followed by a derease in the urrent
per spin. The NDSC ours for both spins in this ase,
and at a dierent bias voltage for eah spin-urrent. The
rst drop in urrent ourring for spin type b is also a-
ompanied by a sudden drop in the population of the
|01〉 state (shown in the lower panel of Fig. 1), as the
hange in hemial potentials begins to allow the pop-
ulation of the |10〉 state. This swithing of populations
between the states is reminisent of another example of
nonmonotoni hanges in oupation predited to our
in a system of two eletrostatially oupled single-level
quantum dots.
57,58
.
There is a simple hand waving explanation for suh
behavior: the urrent for eah spin onsists at low bias
of ontributions proportional to the probability that the
system is in some state α and to the rate of transitions
between state α and state |00〉 (in whih none of the
states are oupied), where α an be either |10〉 for spin
up urrent or |01〉 for spin down urrent. We therefore
expet that at any hemial potentials where the relevant
Fermi funtions and hene the rates are nearly onstant
at the relevant energy, the urrent will, to a good approx-
imation, be linearly proportional to the population. The
population, in turn, dereases whenever the shifted ener-
getis allow the oupation of a new state. For this to be
possible, the bias must be applied in suh a way that not
all states beome oupied simultaneously. This is the
reason the entral hemial potential has been plaed
below the levels.The seond urrent drop in the gure,
whih ours at higher voltage and for the a spin ur-
rent, an be explained by a similar argument - this time,
however, the depopulation of the |01〉 state is the one
involved.
It is worth pointing out that the population shifts are
suh that in regions where the hemial potentials are
far from any levels, any states that energetially an be
populated beome so with equal probability. At low bias
only one state has the entire population, then as the bias
is inreased the population is shared equally between two
states, then between three, and nally between all four
states. This is the ause of the downward shifts in the
population whih result in the NDSC. For the example
shown in Fig. 1 ondution sets in when the population
of state |00〉 dereases from its maximal value of 1 until
both states |00〉 and |01〉 are equally populated. Then
NDSC ours when both states |00〉 and |01〉 lose popu-
lation to state |10〉 until all three state beome equally
populated. It is also evident that in systems with more
eletroni levels, NDSC due to population swithing will
beome weaker if the separation between the states is
small. Notiing this fat also laries the role of harg-
ing in NDSC, as without harging all the states whih
inlude the same energetially oupiable levels would
beome populated at the same bias voltage.
The theoretial phenomenon of NDSC and its physis
are easy to understand, and the mehanism we suggest
for it here simple, but two important questions remain:
when will it our, and how an it be observed experimen-
tally? Answering the rst question formally is a matter
for the analysis of the expressions for the spin urrents:
by taking their derivatives and looking for a loal maxi-
mum in the voltage, an exat ondition ould be worked
out in priniple. In pratie, the analytial development
involves the solution of nonlinear equations, may or may
not be possible and of interest, and is beyond the sope of
the present work. Instead, a look at a part of the surfae
of transition in parameter spae between regions where
NDSC does and does not appear (see Fig. 2) is enough to
onvine oneself that the exat onditions for NDSC are
nontrivial. If one is more interested in the approximate
limits where the drop in the urrent onstitutes a siz-
able fration of its maximum value and where the master
equation is valid, these an be expeted when the tem-
perature is smaller than the splitting between the spin
states, βδ & 1; when the ondution resonanes are nar-
row enough suh that
1
β
, δ & γ; and when the harging
energy is of the order of the level spaing, ∆ ∼ ǫ & γ. All
riteria an be met, for example, for systems of nanome-
ter dimensions where the harging energy and the level
spaing an be tuned by simple hanging the size. Also,
as mentioned above, some asymmetry in the appliation
of the hemial potential and/or bias voltage is required,
as the spin dependent eets happen to anel out om-
pletely when the hemial potential is exatly between
the energies of the two levels and the bias is applied
symmetrially. In addition, NDSC requires some state to
beome energetially oupiable at a bias voltage higher
than one at whih a spin urrent exists. More preise
onlusions require a alulation similar to the one done
to produe Fig. 2, whih takes negligible omputational
eort and an be easily extended to more detailed se-
narios. However, the eet learly ours for an extraor-
dinarily wide range of parameters, as an be seen in the
gure.
Addressing the seond question posed above, pertain-
ing to experimental observability, the following is pro-
posed: NDSC is obviously equivalent to NDC whenever
the spin omponents of the urrent are observed sepa-
rately. This an be ahieved in any experiment where in
addition to owing through the system desribed here,
5Figure 2: A plot of a part of the surfae of transition between
regions where NDSC does and does not our for spin b is
shown, for ǫ = γ and µ = 0, with the voltage applied sym-
metrially. Note that at the limits of high temperature, small
harging energy and small level splitting there is no NDSC,
but that in general the behavior is omplex.
the urrent also ows (while retaining spin oherene)
through some sort of spin beam splitting devie whih
separates it into spin omponents before the urrent is
measured. Suh devies have been suggested in previous
works.
38,40
IV. SUMMARY AND CONCLUSIONS
Using the well-established alulational methodology
of multi-eletron master rate equations and a simple
model of a quantum dot oupled to metalli leads, we
have pointed out a mehanism that gives rise to negative
dierential spin ondution. The fat that NDSC ours
in suh a basi model for a wide range of parameters sug-
gests that it represents a real physial phenomenon. We
have also disussed when eets of this type an be ex-
peted to our (the temperature must be low enough,
ondution peaks narrow, and harging should be sig-
niant as this is stritly a many-partile eet), and
suggested how an experiment in whih they might be
measured ould be arried out.
The NDSC eet, as aused by population swithing or
any other mehanism, is similar to and in speial irum-
stanes idential to the NDC eet whih has been ob-
served in a variety of nano- and meso-sale experiments.
It is haraterized by an inrease in bias voltage over a
juntion resulting in the derease of the urrent for ele-
trons of one partiular spin. One way to observe NDSC
diretly is to measure the urrent after it passes through
a beam splitter. Regarding the population swithing
mehanism: if the energetis are tuned so that inreas-
ing the bias allows the sequential oupation of several
states, whih with harging limiting the total oupation
results in a nonmonotoni behavior of the populations,
NDSC an be aused by a derease in the population of
a state whih is instrumental in the ondution of one
spin. When this happens without signiantly eeting
the eletroni ow rates to and from that state, a de-
rease ours in the ontribution to the urrent from the
term proportional to the population, leading to NDSC.
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